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TEEITS. € LTUTD python I— R THEAEZ1TS.

# method A.py

# calculate the number e

# [0] init

from decimal import *
getcontext().prec = 200

from fractions import Fraction
from math import *

N = 30

digits = 50

# [1] calculate sequences a[n], b[n]
= {}
alo] =
= {}
for n in range(1l, N+1):
aln] = a[n-1]1 + Fraction(l, factorial(n))
b[n] aln] + Fraction(1l, n * factorial(n))

# [2] print result
print("n, a[nl, b[n]")
decimal from frac = lambda x: Decimal(x.numerator) / Decimal(x.denominator)
for n in range(1l, N+1):
a n = str(decimal from frac(aln]))[:2 + digits]
b n = str(decimal from frac(b[n]))[:2 + digits]
print(f*{n:0>2d}" + ", "+ an+ ", " + b.n)

HiEB
(Stein, 2009) @ 5.4 H1H L TV (Zhou & Markov, 2010) #&& (29 3.
I'i'ii &an&()“‘qn’i’po = 1)p1 = 3)Q0 = 1,(]1 =1

Pn = 2(2n - 1)pn71 +pn727 n>2

qn = 2(27?, - l)qn—l + dn—2, T > 2 (6)
TEDS. COLElim, 2= = eHRILT 3.
(FE9R] % ¥R &8 > 0w LT,
1 1
Jn—m/ox(m—l) dx (7)
CEDD.
(a) #5J, DHEBEERT.

(@.1]) Jy=e—1%Zx9.
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#EtR
R python O— R THYBEEHEETTS.

# method B.py

# calculate the number e
# [0] init

from decimal import *
getcontext().prec = 200
N = 30

digits = 50

(19)

# [1] calculate sequences p[n], q[n]
p={}
q = {}
plo]
pl1l]
qlo]
qll] 1
for n in range(2, N+1):
pln] = 2*%(2*n - 1)*p[n-1] + p[n-2]
qln] = 2%(2*n - 1)*qln-1] + q[n-2]

= W

# [2] print result

print("n, p[n] / qlnl")

for n in range(0, N+1):
p q = str(Decimal(p[n]) / Decimal(q[n]))[:2 + digits]
print(f"{n:0>2d}" + ", " + p_q)

BiEC
FEBZDLBRRBLTHRAETHecDTRERV LRREZ KD FT. LD S5 IFTXMDELN
TIEE L ADHBICIERLIEARBRO TEEI TVWAAREMEDH+ICHD £T..F2LT
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[GEER] BFERIRNEZ AWV 3.

n =8N L Eqg = 312129649H' D38 - 8! = 26453952072 D THIL Y B.

n = 9N ¥ Fqy = 1062279908971 D3 - 9! = 714256704072 D THILT 3.
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BOT, MDD EZ L > TPB L

Pn _ 1l
— —el=—
G In
DMLY 3. CHICHREDg, > 3"nIRUVFEIFED|J,| < 2 ZBEATD &
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an ~ 4rnl 3nnl 127(nl)?
HREN3. Lo TERIFEERASIN .
HiEstHE
#35a,, b,
Pn 2
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Pn 2
= Ty

TEET 3. € LTUT®D python I— R THEHERTTS.

# method C.py

# calculate the number e

# [0] init

from decimal import *
getcontext().prec = 200

from fractions import Fraction
from math import *

Ns = 8 # start of N

N = 30

digits = 50

# [1] calculate sequences a[n], b[n], p[nl, qln]
p={}
q={}
plo]
pl1]
qlo]
qlll]
a={}
b = {}
# calculate a[0], b[O], a[l], b[1]
for n in range(0, 1+1):
aln] = p[n] / qln] - Fraction(2, 12 ** n
b[n] = p[n] / qln] + Fraction(2, 12 ** n

Fraction(1)
Fraction(3)
Fraction(1)
Fraction(1)

*

factorial(n)**2)
factorial(n)**2)

*

for n in range(2, N+1):
pln] = 2%(2*n - 1)*p[n-1] + p[n-2]
qln] = 2%(2*n - 1)*q[n-1] + q[n-2]
aln] = pIn]l / qln] - Fraction(2, 12 ** n * factorial(n)**2)
b[n] pln] / q[n] + Fraction(2, 12 ** n factorial(n)**2)

*

# [2] print a[n], b[n]
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print("n, a[n], b[nl")
decimal from frac = lambda x: Decimal(x.numerator) / Decimal(x.denominator)
for n in range(Ns, N+1):

a n = str(decimal from frac(alnl))[:2 + digits]

b n = str(decimal from frac(b[n]))[:2 + digits]

print(f"{n:0>2d}" + ", "+ an+ ", " + b.n)

BENXE
Stein, W. (2009). Elementary Number Theory: Primes, Congruences, and Secrets: A
Computational Approach. Springer.

Zhou, L., & Markov, L. (2010). Recurrent proofs of the irrationality of certain
trigonometric values. The American Mathematical Monthly, 117(4), 360-362.

BAEE. (2004). ETF AP, HESIE.
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method_A.py D 7]

n, a[n], b[n]

01,2,3

02, 2.5, 2.75

03, 2.66666666666666666666666666666666666666666666666666, 2.72222222222222222222222222222222222222222222222222
04, 2.70833333333333333333333333333333333333333333333333, 2.71875

05, 2.71666666666666666666666666666666666666666666666666, 2.71833333333333333333333333333333333333333333333333
06, 2.71805555555555555555555555555555555555555555555555, 2.71828703703703703703703703703703703703703703703703
07, 2.71825396825396825396825396825396825396825396825396, 2.71828231292517006802721088435374149659863945578231
08, 2.71827876984126984126984126984126984126984126984126, 2.71828187003968253968253968253968253968253968253968
09, 2.71828152557319223985890652557319223985890652557319, 2.71828183176562806192435822065451695081324710954340
10, 2.71828180114638447971781305114638447971781305114638, 2.71828182870370370370370370370370370370370370370370
11, 2.71828182619849286515953182619849286515953182619849, 2.71828182847595726383605171483959362747241535120322
12, 2.71828182828616856394634172411950189727967505745283, 2.71828182846014153884524254894625264995635366005736
13, 2.71828182844675900231455787011342566898122453678009, 2.71828182845911211295826680442065057449672834288218
14, 2.71828182845822974791228759482727736695990664244632, 2.71828182845904908688355400373540963110124107856534
15, 2.71828182845899446428546957647486748015848544949074, 2.71828182845904544537701504191804015437172403662703
16, 2.71828182845904225905879345032784186223339662493101, 2.71828182845904524623212619244365276111307857339603
17, 2.71828182845904507051604779584860506117897963525103, 2.71828182845904523589588628676159113170519040056397
18, 2.71828182845904522670811748171086968334262313582436, 2.71828182845904523538545468648099549568504777474510
19, 2.71828182845904523492875272833519940029860437269664, 2.71828182845904523536141774131542728013839285884782
20, 2.71828182845904523533978449066641588614640343454026, 2.71828182845904523536033607878297671043879338763244
21, 2.71828182845904523535935743172980714737725100891376, 2.71828182845904523536028947654234958838824375055060
22, 2.71828182845904523536024711086905220470592589865801, 2.71828182845904523536028755082992698003904748455548
23, 2.71828182845904523536028579257075851154630306777733, 2.71828182845904523536028747438387617706110207513034
24, 2.71828182845904523536028740430832960766465211649063, 2.71828182845904523536028747146406173666958332685369
25, 2.71828182845904523536028746877783245150938607843916, 2.71828182845904523536028747135661256526317543691711
26, 2.71828182845904523536028747125742871473418353851411, 2.71828182845904523536028747135279780178129113313238
27, 2.71828182845904523536028747134926561337213899999837, 2.71828182845904523536028747135266697998835957264593
28, 2.71828182845904523536028747135254550260920883790852, 2.71828182845904523536028747135266264151053276069102
29, 2.71828182845904523536028747135265860223807331507783, 2.71828182845904523536028747135266250222527553842850
30, 2.71828182845904523536028747135266237222570213098348, 2.71828182845904523536028747135266249789195642484700



method_B.py O Hi /]

n, p[n] / q[n]

00,1

01,3

02, 2.71428571428571428571428571428571428571428571428571
03, 2.71830985915492957746478873239436619718309859154929
04, 2.71828171828171828171828171828171828171828171828171
05, 2.71828182873569572668472552379899386367405605616673
06, 2.71828182845856341127785060620264237678558448361861
07, 2.71828182845904585140462108494996113472176897308378
08, 2.71828182845904523475756063147977332970377319073587
09, 2.71828182845904523536075323018848069263338394670075
10, 2.71828182845904523536028717990008625935174427034809
11, 2.71828182845904523536028747150335798417095820512306
12, 2.71828182845904523536028747135259703609205685078531
13, 2.71828182845904523536028747135266252198404387265932
14, 2.71828182845904523536028747135266249774951685744001
15, 2.71828182845904523536028747135266249775724924216552
16, 2.71828182845904523536028747135266249775724709317517
17, 2.71828182845904523536028747135266249775724709370007
18, 2.71828182845904523536028747135266249775724709369995
19, 2.71828182845904523536028747135266249775724709369995
20, 2.71828182845904523536028747135266249775724709369995
21, 2.71828182845904523536028747135266249775724709369995
22,2.71828182845904523536028747135266249775724709369995
23, 2.71828182845904523536028747135266249775724709369995
24, 2.71828182845904523536028747135266249775724709369995
25, 2.71828182845904523536028747135266249775724709369995
26, 2.71828182845904523536028747135266249775724709369995
27,2.71828182845904523536028747135266249775724709369995
28, 2.71828182845904523536028747135266249775724709369995
29, 2.71828182845904523536028747135266249775724709369995
30, 2.71828182845904523536028747135266249775724709369995



method_C.py ®Hi /)

n, a[n], b[n]

08, 2.71828182845904523189642147881102117993646168123930, 2.71828182845904523761869978414852547947108470023245
09, 2.71828182845904523535780967138943876655337642457164, 2.71828182845904523536369678898752261871339146882986
10, 2.71828182845904523536028472693442039108001093074631, 2.71828182845904523536028963286575212762347760994986
11, 2.71828182845904523536028746981398769087325039979276, 2.71828182845904523536028747319272827746866601045337
12, 2.71828182845904523536028747135161939124639845506464, 2.71828182845904523536028747135357468093771524650599
13, 2.71828182845904523536028747135266203991064857759240, 2.71828182845904523536028747135266300405743916772625
14, 2.71828182845904523536028747135266249754455367916829, 2.71828182845904523536028747135266249795448003571172
15, 2.71828182845904523536028747135266249775717332987727, 2.71828182845904523536028747135266249775732515445377
16, 2.71828182845904523536028747135266249775724706846414, 2.71828182845904523536028747135266249775724711788620
17, 2.71828182845904523536028747135266249775724709369294, 2.71828182845904523536028747135266249775724709370719
18, 2.71828182845904523536028747135266249775724709369995, 2.71828182845904523536028747135266249775724709369996
19, 2.71828182845904523536028747135266249775724709369995, 2.71828182845904523536028747135266249775724709369995
20, 2.71828182845904523536028747135266249775724709369995, 2.71828182845904523536028747135266249775724709369995
21, 2.71828182845904523536028747135266249775724709369995, 2.71828182845904523536028747135266249775724709369995
22,2.71828182845904523536028747135266249775724709369995, 2.71828182845904523536028747135266249775724709369995
23, 2.71828182845904523536028747135266249775724709369995, 2.71828182845904523536028747135266249775724709369995
24, 2.71828182845904523536028747135266249775724709369995, 2.71828182845904523536028747135266249775724709369995
25, 2.71828182845904523536028747135266249775724709369995, 2.71828182845904523536028747135266249775724709369995
26, 2.71828182845904523536028747135266249775724709369995, 2.71828182845904523536028747135266249775724709369995
27, 2.71828182845904523536028747135266249775724709369995, 2.71828182845904523536028747135266249775724709369995
28, 2.71828182845904523536028747135266249775724709369995, 2.71828182845904523536028747135266249775724709369995
29, 2.71828182845904523536028747135266249775724709369995, 2.71828182845904523536028747135266249775724709369995
30, 2.71828182845904523536028747135266249775724709369995, 2.71828182845904523536028747135266249775724709369995
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