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SEEMELRBIZDEZ 50 ? LREEE > TER5ZVTT.

1.2 70932 7M0EDEAN

SageMath (I ZFDIRLWVWAIEZIRS TOT 5 X > JFFET, Python LIRIEE LIGET
9. SageMath DEVHIFATETHEAL £IH. 3L <58 L 7LV AlZ Python D AFT
ZEEHFOCLRVLTL LS. ERICHZRT-(BERA, 2018) £7-Id (=841, 2021) H'd
DFE7.

SageMath ZEH §IRIEIF CoCalc & W5 # > T+ VEIE(https://cocalc.com)z H#1& L
9. 75O TEHETBROTT7 T EA VA M=ILRRELRHD FHA. ELTHACER
THERZBZDTERLOLTTEL.

IO I VI EDEHICAFILT y 7OV EBRESILET.
c FTHREEERL CBDDOFT/OI I LZHIT.
hNEWTOU S LZRUEVWTRLUEINT.

o PHBSERVERDISIATIEEICERT 3.

c MDEBEDSBIINA T A—T4 VT &=FEHAEL.
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TO7 S L3N T EEREERMICHAZTFREALTREIV. FRNANLIGZEIIRRICES
FTLo<KDERLTTFETVW.EETEZTHADSRVEEIF. TOJTLD 1=EE
L7cOARELI-FZRELTHSBEEDLTHTRIL.

2 SageMath DEHEE—F

21Fa—FU7I
E£9Id SageMath ZBERE LTEVWFEL LS. OV RZ12T

$ sage

EANL 1I0FERFBEE Y. §5 ¢ SageMath WEREE— R TEEILET. 5 LICO+6 =
I5Z5tELEXL &£ 5.

sage: 946
15

RICBRZRTIEIL&D.

sage: exit()

$
DOVWCEIE #E,AFZLET.

sage: 9-6
3

sage: 9%6
54

sage: 9/6
3/2

CCTY/6HEEHSERBEINTVS ZLITERE LTIV FE3 N = D1.5000... & LT
RS ETEVWESIE, AR nZzFEVET.

sage: n(9/6)
1.50000000000000

B (ICRAR n 1Z518 digits TEMHTZIEETE£Y.

sage: n(100000 / 17, digits=20)
5882.3529411764705882

RISEM 1T Z3TEBELRDD2ICHBZcZzstBLFT.

sage: 17 % 3
2

Rig2® = 2565 B LET. UTD 2@ DEEEDHD LT

sage: 28
256

sage: 2%*8
256
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HEWTV2 = 1.41421356237... #5tH L £ 9.

sage: n(sqrt(2))
1.41421356237310

sqrt | square root DBE T .
22 BEBEE—FTlEES

MUTOEEEBEZHE C T SageMath OFtEZ4FEI L £ 7. MR ISHEIRDEITNISTH
RIFLTHLFVEEA.

fRE: 2 = BT EE &.
PR

sage: n(297/210)
1.41428571428571

MK V2ASEWVMET Y. O — D A4 -1 X1d 210mm X 297mm EEERRICE DV
TEDHSNTUVET. EITMMELEAIFIFL  V2ERBEDICHINTWVWET.

RRE: 0.841 x 1.189% H{ETEE L.
R

sage: 0.841 * 1.189
0.999949000000000

MK LUSIEVMETY. O —B#O A0 7 X3 841mm X 1189mm EEHSNTWLET.
FOEBIFIFIFLIFAA—FILERBLSHFRGTEINTUVET.

IR 27 = BIEEE &
R

sage: n(257/182)
1.41208791208791

MK V20 RWVMETY. OE—B#ED B5 7 X1d 182mm X 257Tmm IR TEH BHNT
WEF. RIGMBELEDFIFL  V2ERDESICHRFATNTUVET.

R9%E: 1.030 x 1.456%F {ETEE LK.
R

sage: 1.030 * 1.456
1.49968000000000

MK 151IEVMET Y. O —B#EO BO 1 X1k 1030mm X 1456mm IR TEDH SN
TUVWET. ZOEBIXIFIF LIS FAAXA—FMILICRDESERFF TN TULET.

BIRE: 1+ 2 + o + gr 2 BB REE &.
e

sage: n(1 + 24/60 + 51/6072 + 10/6073)
1.41421296296296
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MK V2IOEWVMET Y. COMEIX/NEOZ 7 OREHR YBC7289 ICZIENETNTUVWE .
Fl:ﬁ%: 1+ % + 3i4 - m%%&f@%l_%ﬁck

fRZ

sage: n(1 + 1/3 + 1/(3*4) - 1/(3*4*34))

1.41421568627451

MK V2ITEWMETY. i1V FOBFEENCOEZEH L F L1

BIRE: 30 R UL 2 MBS EE &.
R

sage: n(3 + 10/71)
3.14084507042254
sage: n(3 + 1/7)

3.14285714285714

M CBHICHBRRANIAWMETY. 7ILF XT3N < 7w <3tZmLELE.

[EIRE: 325 = MBS &.
R

sage: n(355/113)
3.14159292035398

M FHARASEWMETS . Bz (25 S L)ACDfEzBHL E L.

RYSE: 142857 1= 1,2,3,4,5,6 ZIEICHNF A E L.
R

sage: 142857 * 1
142857
sage: 142857 * 2
285714
sage: 142857 * 3
428571
sage: 142857 * 4
571428
sage: 142857 * 5
714285
sage: 142857 * 6
857142

MK AEELGCLICBETIE 1,4,2,85,7 D 6 DOMFHKEIL £7.

RE: 1 = BZHTER 50 THIBSTEYE &.
R

sage: n(1/7, digits=50)
0.14285714285714285714285714285714285714285714285714

M BRI OPRICHIRD 142857 AAHTE Y.
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fR8: 12,22,32,42 52, 62% 13 TEI o = RD Z KD L.
PR

sage: 172 % 13
1

sage: 272 % 13
4

sage: 372 % 13
9

sage: 472 % 13
3

sage: 5 2 % 13
12

sage: 672 % 13
10

MR S0 13,4,9,10,12 E ROBBETHEVET.

RO%E: 076923 IC 1,3,4,9,10,12 ZEICHMF AR T L.
PR

sage: 076923 * 1
76923

sage: 076923 * 3
230769

sage: 076923 * 4
307692

sage: 076923 * 9
692307

sage: 076923 * 10
769230

sage: 076923 * 12
923076

MK FREABCEICRTETIX0,7,6,9,2,3 D 6 DOMFAKEIL £7.
PIRE: L& AT 50 CRUBEIEE &.

sage: n(1/13, digits=50)
0.076923076923076923076923076923076923076923076923077

MK BRI OFRICEIED 076923 BB TE X .

8: 076923 |Z 2,5,6,7,8,11 Z|EICHMNT AT L.

sage: 076923 * 2

153846

sage: 076923 * 5

384615
sage: 076923 * 6
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461538

sage: 076923 * 7

538461

sage: 076923 * 8

615384

sage: 076923 * 11
846153

M ABERCCICETETIE1,5,3,8,4,6 D 6 DOHFHAKEIL FT.

3 SageMath T7OJ 5=z
31 Fa—rFU7IL

3.1.1 707 5 LOIER L kg
7075 L=tE L TEIECSE B3 FIEZHEAL £9. £ hello.sage EVWS T 71ILET
UTFDTHFRAMXEZELET.

# hello.sage
print("Hello World")
print('Welcome to SageMath')

17RO #H vy —NIEAX Y bERL, 7OJ S LOEEBICIZ—TBE®ZRHD FHA. 2178
KU 3ITEIE print BT FI ZRRASEET. XFIME (DI I +—T—>3 )
FRIFF@INI—T—2a ) TEHVWET. BERITY RS4 2 TID hello.sage % ic
BLEL&LD.

$ sage hello.sage

EASILTTFEIWVW.TAREUTOEAODEENET.
H77:

Hello World
Welcome to SageMath

3.1.2 EH
ZHOEWFZHBALEXT. BERFETIIE-Z 1 XFTKRLFITH, SageMath TIE2 X
FLUEFE->TH OK TY.

# variable.sage
alpha = 5 # BT IL T 7IC5ZRAT S
beta = 7 # BER—2IZTZHRAT S

# B BHZ R LTRRIT S
Sum = alpha + beta # ZZSum|HZ LA T S
print(Sum)

# B BHR=z/TTRTRTS
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Product = alpha * beta # Z#Z{Product|CfEZ AT 5
print(Product)

77

12
35

3.13for JL—7
for L—ZIEE CAMIBZIEDIRL VW FICHEWVET. LUT D for.sage TIERE CALE% 5
E#EORLFT.

# for.sage
for i in range(0, 5):

print(i, "[B]1H D Hello World")
7

0 [B]B M Hello World
1 [B1H @D Hello World
2 [B]H D Hello World
3 [B]B M Hello World
4 [B]B MHello World

THIiN0HDBEED 4 TROOTWAZEISEELTTRTL.

3.1.4 &R

dict I3FHERZRL, TOLDOBODIMFEDL SHBYTY . AlIEL LTEBERTRMES
ZEDFT.

# dict.sage

d = dict() # ZOHEEERT 3

# RNFHEZEXT S

d['blue'] = "E&"

d['red'] = "R’

d['green'] = "R

d['yellow'] = "&E €'

# F#EZ5<
print('Z5BgreentEBAFET', d["green"))
77

FiBereen|I HAFE T xE

3.1.5 f XXF5
fXFHZRAVWTEHF2XFIIEDAHE T . XFHTH B 2RI B 1c0OXFT
DERIC f Z2HFET.
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# f-string_A.sage

x = 123.456789

# FE N AT X FmsgD—ERIZIBOHIAT
msg = {'"ZxDEBIF{x} T

print(msg)

7
ZHxDEIX123.456789000000 T 9
RICBFOXFREZIEELXT.

# f-string B.sage
X = 53

4 EAXTESD TNFTRET
print(f'ZxDEIF{x:5}TI")

#POEFHTGXFTRRT S
print(f'Z#xDEIZ{x:05} TI")
77

EHExDEIEX 53T
ZHxDEIX00053 T

RISNER AT DT 2EEL 9.

# f-string_C.sage
x = 123.456789

# IR A T AT 2 R T B
print(f'ZEBxDEIFHI{x:.4f} TT")

H7:
ZHExDEIFHI123.4568 TS
ORBAATNTVWRZEISEFELTTREL.

3.1.6 714Ky FH&
CNETPO>TSLILDFRLHELTTARFYFHZABLET. 70 RFH vy FHIT
UTFTERINBZHIIE,TY.

F=0,F =1,

E =EF _,+F, 5 n>2

# Fibonacci.sage

# T4 R Ty FEREABELTEAITS

# (1] %A

N =20 # F20BXTHET S
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# 2] T4 RFyFEFnZ5tE T3

# #felzfES
for n in range(2, N+1):
Fin] = F[n-1] + F[n-2]

# [3] 7«4 RFT Y FEFnZ2HNTS
print("n, F[n]")
for n in range(0, N+1):
print(f"{n}, {F[n]}")
77

El

0 Gt W N = = O

—
w

© 0N DU W N~ O S
N
—_

o
=~

)

10, 55
11, 89
12, 144
13, 233
14, 377
15, 610
16, 987
17, 1597
18, 2584
19, 4181
20, 6765

7 T 71 b https://oeis.org/A000045 DFER & —E L TLVB DT Fibonacci.sage IR
BEIFHTE5TY.

3.1.7 EFEDZEN S
SHEEOEEF NS EHV-WLWIESIE RealField ZEHWE 7.
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# RealField.sage
# RIZ500E w b DEFE N m DB
R = RealField(500)

# sqrt(2) 2 MR U TI0HT E TR T %
x = R(sqrt(2))

print(f"(square root of 2) = {x:.10f}")
7

(square root of 2) = 1.4142135624

3.1.837A7Ov bk

BN EHERTERLI S 7ATOY FLET.
# plot.sage

# B eHETKRE LIS IANTOY LTS
# (1] B an|zFHETKRRI %

a[l] =3
al2] =5
al3] =7
a[4] =9
a[b] = 11

# [2] BF)an)|Z T ZIATOY LT B
plt = list_plot(a)

# 3] 5 7%PDF7 714 IILTHATS
plt.save("output.pdf")

H77:
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11 A

10 A

10 15 20 25 30 35 40 45
Figure 1: output.pdf

3.2 EHIRV2 = 1.41421356237309504880. ..
HEAB D 2BEO DA ETV 2R BEHET S,
3.2.1 5EA
B BFa, %a, = 1.5
_ 1 2 > 1
an_§(an—1+a ), n =

n—1

TEDHD. COLE, lim, , a, = V2HDERILT .
CDEE%RRD sqrt2_A.sage THIEHE T 3.

# sqrt2_A.sage

# sqrt(2)ZETRLTHNT S

# (1] %

R = RealField(500) # 500E v ~ DZFENERZFED
N =50 # E50IEX THET S

12 M ST B
a = dict() # ZDFHEZIEKT 3
al0] = R('1.5') # #IHA(E

# BN Z S
for n in range(1, N+1):
an] = R('0.5") * (a[n-1] + 2 / a[n-1])

# [3] #Blan)|ZEHHTT B

print("n, a[n|")

for n in range(0, N+1):
print(f"{n:02}, {a[n]:.50f}")
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sqrt2_A.sage D77

n, a[n]

00, 1.50000000000000000000000000000000000000000000000000
01, 1.41666666666666666666666666666666666666666666666667
02, 1.41421568627450980392156862745098039215686274509804
03, 1.41421356237468991062629557889013491011655962211574
04, 1.41421356237309504880168962350253024361498192577620
05, 1.41421356237309504880168872420969807856967187537723
06, 1.41421356237309504880168872420969807856967187537695
07, 1.41421356237309504880168872420969807856967187537695
08, 1.41421356237309504880168872420969807856967187537695
09, 1.41421356237309504880168872420969807856967187537695
10, 1.41421356237309504880168872420969807856967187537695
11, 1.41421356237309504880168872420969807856967187537695
12, 1.41421356237309504880168872420969807856967187537695
13, 1.41421356237309504880168872420969807856967187537695
14, 1.41421356237309504880168872420969807856967187537695
15, 1.41421356237309504880168872420969807856967187537695
16, 1.41421356237309504880168872420969807856967187537695
17, 1.41421356237309504880168872420969807856967187537695
18, 1.41421356237309504880168872420969807856967187537695
19, 1.41421356237309504880168872420969807856967187537695
20, 1.41421356237309504880168872420969807856967187537695
21, 1.41421356237309504880168872420969807856967187537695
22,1.41421356237309504880168872420969807856967187537695
23, 1.41421356237309504880168872420969807856967187537695
24,1.41421356237309504880168872420969807856967187537695
25, 1.41421356237309504880168872420969807856967187537695
26, 1.41421356237309504880168872420969807856967187537695
27,1.41421356237309504880168872420969807856967187537695
28, 1.41421356237309504880168872420969807856967187537695
29, 1.41421356237309504880168872420969807856967187537695
30, 1.41421356237309504880168872420969807856967187537695
31, 1.41421356237309504880168872420969807856967187537695
32, 1.41421356237309504880168872420969807856967187537695
33, 1.41421356237309504880168872420969807856967187537695
34, 1.41421356237309504880168872420969807856967187537695
35, 1.41421356237309504880168872420969807856967187537695
36, 1.41421356237309504880168872420969807856967187537695
37, 1.41421356237309504880168872420969807856967187537695
38, 1.41421356237309504880168872420969807856967187537695
39, 1.41421356237309504880168872420969807856967187537695
40, 1.41421356237309504880168872420969807856967187537695
41, 1.41421356237309504880168872420969807856967187537695
42, 1.41421356237309504880168872420969807856967187537695
43, 1.41421356237309504880168872420969807856967187537695
44,1.41421356237309504880168872420969807856967187537695
45, 1.41421356237309504880168872420969807856967187537695
46, 1.41421356237309504880168872420969807856967187537695
47, 1.41421356237309504880168872420969807856967187537695
48, 1.41421356237309504880168872420969807856967187537695
49, 1.41421356237309504880168872420969807856967187537695
50, 1.41421356237309504880168872420969807856967187537695

Figure 2: sqrt2_A.sage D1
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#5)a, BV2ICUER L TWL 3.

3.2.25%B
Iriii &ZJ_Upn}S’Zan%po = 1,,'01 =3, 4o = 1, q: = 2,

Pp = 2pn—1 +pn—2’ n Z 2
an = 2qn—l + n—2, M > 2

TEDS. SO Elim, ., 2 = VIDHIT 5.
CDEEERD sqrt2_B.sage THIETEZ 9 3.

# sqrt2_B.sage

# sqrt(2)ZFTRLTHANT S

# (1] %

R = RealField(500) # 500E v ~ OFENERZED
N =50 # E50IBX THET S

# (2] BFpn)RUqn|Z5tET S
p = dict() # ZOFHSZIERT 3
p[0] = 1 # {JHAE
p[1] = 3 # #IHA(E
q = dict() # ZOHEEERT 3
q[0] = 1 # #JHA(E
q[l1] = 2 # #IHAE

# Btz fES

for n in range(2, N+1):
p[n] = 2 * pln-1] 4 p[n-2]
q[n] = 2% qn-1] + q[n-2]

# [3] #3p[n] / q[n] ZHFIT S

print("n, p[n] / q[n]")
for n in range(0, N+1):

print(f"{n:02}, {R(p[n] / q[n]):.50f}")
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sqrt2_B.sage D H 7]

n, p[n] / q[n]

00, 1.00000000000000000000000000000000000000000000000000
01, 1.50000000000000000000000000000000000000000000000000
02, 1.40000000000000000000000000000000000000000000000000
03, 1.41666666666666666666666666666666666666666666666667
04, 1.41379310344827586206896551724137931034482758620690
05, 1.41428571428571428571428571428571428571428571428571
06, 1.41420118343195266272189349112426035502958579881657
07,1.41421568627450980392156862745098039215686274509804
08, 1.41421319796954314720812182741116751269035532994924
09, 1.41421362489486963835155592935239697224558452481077
10, 1.41421355164605469430412820066190559136039017592754
11, 1.41421356421356421356421356421356421356421356421356
12, 1.41421356205732046262813424583843877947461223513942
13, 1.41421356242727340249065385853284147458592260652125
14, 1.41421356236379951288296372259966670939623125240354
15, 1.41421356237468991062629557889013491011655962211574
16, 1.41421356237282141377280856945039496291421840098743
17, 1.41421356237314199715036385699345166732866653791073
18, 1.41421356237308699373851811343783173982495986103776
19, 1.41421356237309643083203725697474145371125494453443
20, 1.41421356237309481168276813841831575700656485289713
21,1.41421356237309508948486370619374377979153884951076
22,1.41421356237309504182155941809682959974336648671641
23, 1.41421356237309504999928957890286393934167006969415
24,1.41421356237309504859621290216357141304731510505518
25, 1.41421356237309504883694280179329221152889970181349
26, 1.41421356237309504879564008075425994635423824014525
27,1.41421356237309504880272650735873273890356326574411
28, 1.41421356237309504880151066877092824878177239939900
29, 1.41421356237309504880171927369328239696317778923606
30, 1.41421356237309504880168348274696199799653588139864
31, 1.41421356237309504880168962350253024361498192577620
32,1.41421356237309504880168856991544116887094756697120
33, 1.41421356237309504880168875068240737171670767541255
34, 1.41421356237309504880168871966769922938618138356910
35, 1.41421356237309504880168872498898188052357902618842
36, 1.41421356237309504880168872407599411602971946231598
37, 1.41421356237309504880168872423263805185547920293131
38, 1.41421356237309504880168872420576220139478032311173
39, 1.41421356237309504880168872421037336833321386141391
40, 1.41421356237309504880168872420958221716331151142040
41,1.41421356237309504880168872420971795724429207307926
42,1.41421356237309504880168872420969466792831105311963
43,1.41421356237309504880168872420969866374321661121855
44,1.41421356237309504880168872420969797816976428258465
45,1.41421356237309504880168872420969809579557269628914
46, 1.41421356237309504880168872420969807561417454269608
47,1.41421356237309504880168872420969807907675505054997
48,1.41421356237309504880168872420969807848267015701968
49, 1.41421356237309504880168872420969807858459901034753
50, 1.41421356237309504880168872420969807856711078391074

Figure 3: sqrt2_B.sage O H /3
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G| AV 2ITIRER L T UV B.

3.3 W#hlog 2 = 0.69314718055994530941....
FHEABD2EDDAETlog2Z BEFTE T 3.

3.3.1 FiEA
EIE: XI)LA ~ILERER

2, (—1)F1t 1 1 1 1 1 1
log?2 = =l—C4+—-+-—+=—..
o8 kz_; k 27371757677

CDEEZRD log2_A.sage THIEFTE T 5. T DI, #3S,%Zn > 1OEHE T

n _1k—1
Snzz( ]z

k=1

CERT B.

# log2 A.sage

# log2ZstB L THAT 3

# (1] %

R = RealField(500) # 500w k DF8/ NI ZES
N =50 # E50BX THET S

# [2] BFISn|=5tE TS
S = dict() # ZDOFHEXEIERT B
S[0] = R('0.0") # #IEA1E

for n in range(1, N+1):
Sn] = Sn-1] + (-1) (n-1) /n

# [3] BFISn| =TS

print("n, S[n]")

for n in range(1, N+1):
print(f"{n:02}, {S[n]:.50{}")
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log2_A.sage DH ]

n, S[n]

01, 1.00000000000000000000000000000000000000000000000000
02, 0.50000000000000000000000000000000000000000000000000
03, 0.83333333333333333333333333333333333333333333333333
04, 0.58333333333333333333333333333333333333333333333333
05, 0.78333333333333333333333333333333333333333333333333
06, 0.61666666666666666666666666666666666666666666666667
07, 0.75952380952380952380952380952380952380952380952381
08, 0.63452380952380952380952380952380952380952380952381
09, 0.74563492063492063492063492063492063492063492063492
10, 0.64563492063492063492063492063492063492063492063492
11, 0.73654401154401154401154401154401154401154401154401
12, 0.65321067821067821067821067821067821067821067821068
13, 0.73013375513375513375513375513375513375513375513376
14, 0.65870518370518370518370518370518370518370518370518
15, 0.72537185037185037185037185037185037185037185037185
16, 0.66287185037185037185037185037185037185037185037185
17,0.72169537978361507773272479154832096008566596801891
18, 0.66613982422805952217716923599276540453011041246335
19, 0.71877140317542794322980081494013382558274199141072
20, 0.66877140317542794322980081494013382558274199141072
21, 0.71639045079447556227741986255918144463036103902977
22, 0.67093590533993010773196531710463599008490649357522
23,0.71441416620949532512326966493072294660664562401001
24, 0.67274749954282865845660299826405627993997895734334
25, 0.71274749954282865845660299826405627993997895734334
26, 0.67428596108129019691814145980251781840151741888180
27,0.71132299811832723395517849683955485543855445591884
28, 0.67560871240404151966946421112526914115284017020455
29, 0.71009147102473117484187800422871741701490913572179
30, 0.67675813769139784150854467089538408368157580238846
31, 0.70901620220752687376660918702441634174609193142072
32, 0.67776620220752687376660918702441634174609193142072
33, 0.70806923251055717679691221732744664477639496172375
34, 0.67865746780467482385573574673921135065874790290022
35, 0.70722889637610339528430717531063992208731933147165
36, 0.67945111859832561750652939753286214430954155369387
37, 0.70647814562535264453355642455988917133656858072090
38, 0.68016235615166843400724063508620496081025279124721
39, 0.70580338179269407503288166072723060183589381688824
40, 0.68080338179269407503288166072723060183589381688824
41, 0.70519362569513309942312556316625499207979625591263
42,0.68138410188560928989931603935673118255598673210311
43, 0.70463991583909766199233929517068467092807975535892
44, 0.68191264311182493471961202244341194365535248263165
45, 0.70413486533404715694183424466563416587757470485387
46, 0.68239573489926454824618207075259068761670513963648
47,0.70367233064394539931001185798663324080819450133861
48, 0.68283899731061206597667852465329990747486116800527
49, 0.70324716057591818842565811649003460135241218841344
50, 0.68324716057591818842565811649003460135241218841344

Figure 4: log2_A.sage D77
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#3515, DINRHEYT E 5. EMRRT B &
S[100] = 0.68817217931019520324464588269348406593837030274100
S[1000] = 0.69264743055982030966723105896592648170186535531202
S[10000] = 0.69309718305994529691723237145816594307627513427388
S[105] = 0.69314218058494530941598212145842656807539388436033
S[10°] = 0.69314668056019530941723199645817656832550013435919

723, log2IlNRLTWVWB Z e nh 3.

3.3.2 5B
EIF:

21
log2=> —
k:lk'2

1 1 1 1 1 1 1

1o to ety Tty st T T

CDEIE% log2_B.sage THIEFtREZ 3 %. €D, #5S,Zn > 1OEET

n 1
S, =
2

CERT B.

# log2_B.sage

# log2ZstB L THAT3

# (1] %

R = RealField(500) # 500E v b OFENERZFES
N =50 # FE50IBX THET S

# [2] BFISn|=Z5TE TS
S = dict() # ZDFHEXEIERT B
S[0] = R('0.0") # #IEA(E

for n in range(1, N+1):
S[n] = S[n-1] + 1 / (n* 2™ n)

# [3] BFISn|=HHIT B

print("n, S[n]")

for n in range(1, N+1):
print(f"{n:02}, {S[n]:.50{}")
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log2_B.sage D H /7

n, S[n]

01, 0.50000000000000000000000000000000000000000000000000
02, 0.62500000000000000000000000000000000000000000000000
03, 0.66666666666666666666666666666666666666666666666667
04, 0.68229166666666666666666666666666666666666666666667
05, 0.68854166666666666666666666666666666666666666666667
06, 0.69114583333333333333333333333333333333333333333333
07, 0.69226190476190476190476190476190476190476190476190
08, 0.69275018601190476190476190476190476190476190476190
09, 0.69296719990079365079365079365079365079365079365079
10, 0.69306485615079365079365079365079365079365079365079
11, 0.69310924535533910533910533910533910533910533910534
12, 0.69312959040742243867243867243867243867243867243867
13, 0.69313898043146090021090021090021090021090021090021
14, 0.69314334008547875735375735375735375735375735375735
15, 0.69314537459068709068709068709068709068709068709069
16, 0.69314632826500349693709068709068709068709068709069
17, 0.69314677705291709987826715767892238480473774591422
18, 0.69314698898054296793382271323447794036029330146977
19, 0.69314708936731311596013850270816215088660909094346
20, 0.69314713705102893627263850270816215088660909094346
21, 0.69314715975756027927859088366054310326756147189584
22,0.69314717059476842025870452002417946690392510825947
23, 0.69314717577778100942310669393722294516479467347686
24, 0.69314717826130787506438273560388961183146134014353
25, 0.69314717945340077057219523560388961183146134014353
26, 0.69314718002652235495095124521927422721607672475892
27,0.69314718030246978446664858318223719017903968772188
28, 0.69314718043551586655457408541438004732189683057902
29, 0.69314718049974500963150363821610418525293131333764
30, 0.69314718053078909545201958873693751858626464667098
31, 0.69314718054581042730065633898895364761852271118711
32, 0.69314718055308638491483976489227396011852271118711
33, 0.69314718055661412193989839563327774799731058997498
34, 0.69314718055832611196676508408111782152672235468087
35, 0.69314718055915764997981461847006871438386521182372
36, 0.69314718055956186984726925324247539841164298960150
37, 0.69314718055975851735035529178040297442515650311501
38, 0.69314718055985425363475244212123613643173545048344
39, 0.69314718055990089438868951536420613843494057868856
40, 0.69314718055992363175623383857015401441150307868856
41, 0.69314718055993472315503594745110419781470429820076
42,0.69314718055994013681397507202394893019007632201028
43, 0.69314718055994278069392208635022193902456033363819
44, 0.69314718055994407258980528653237806834141047568364
45, 0.69314718055994470418334818439920995378520387846142
46, 0.69314718055994501311497242792102989775227673851577
47,0.69314718055994516429427790879340987033190813811683
48, 0.69314718055994523830914621713717923190735267750485
49, 0.69314718055994527456132661306065810288308061516429
50, 0.69314718055994529232489500706316274966118730461742

Figure 5: log2_B.sage ®H 7]
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#8518, hllog 21CUNER L TLVB.

3.4 R1TET7#e = 2.71828182845904523536...
HEAB,CDDA4BODHETHRA ETHEBETET 3.

3.4.1 F&EA
EE X TETHex
. 1\"
e = lim (1 + —)
n—00 n
TEEY .

CDEENZ e_Asage THEAEZ T 5. €DEE, #5a, Zn > 1DEHFHT

1 n

Cl/n = (]_ —+ ﬁ)
EEERTS.
# e_A.sage
#HFXAETHZTRBLTHATS
# 1] #Ef5
R = RealField(500) # 500w k DF8/NERZES
N =50 # F50BX THEIT S

# [2] BB\ an|Z5TE TS
a = dict() # ZOHEZEKT S

for n in range(1, N+1):
aln] = R((1-+1/n) n)

# [3] BFan|ZzHHT 3

print("n, a[n]")

for n in range(1, N+1):
print(f"{n:02}, {a[n]:.50f}")
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e_A.sage D]

n, a[n]

01, 2.00000000000000000000000000000000000000000000000000
02, 2.25000000000000000000000000000000000000000000000000
03, 2.37037037037037037037037037037037037037037037037037
04, 2.44140625000000000000000000000000000000000000000000
05, 2.48832000000000000000000000000000000000000000000000
06, 2.52162637174211248285322359396433470507544581618656
07, 2.54649969704071311394790557384374586390753124002025
08, 2.56578451395034790039062500000000000000000000000000
09, 2.58117479171319718199003150811675321590954886229572
10, 2.59374246010000000000000000000000000000000000000000
11, 2.60419901189753087818177445539096177789055159821844
12, 2.61303529022467816029953304435487664670207981695052
13, 2.62060088788573222107930994787374649880248003890004
14, 2.62715155630086938838423671210905522161211896496985
15, 2.63287871772791904704434978915118761310530481520300
16, 2.63792849736659985876311221297818576658755773678422
17, 2.64241437518310962025748571165868444689568800360620
18, 2.646425821097685467349060527051786016800819524000858
19, 2.65003432664044490726326761293000997580623492728399
20, 2.65329770514442013394543076515197753906250000000000
21, 2.65626321392610498553839835724292408996185225549230
22, 2.65896985853778820292135370013601083239394952067529
23, 2.66145011863878145449554690440882528345807953086098
24, 2.66373125806859403674053995595573090127952974726653
25, 2.66583633148741999304064003395197815283391475482624
26, 2.66778496653374088402300696133001330114858555794032
27, 2.66959397781257440882230821941700530197266032581136
28, 2.67127785344083964035778652207373726742824536048951
29, 2.67284914398080136275371489113360886355002954174394
30, 2.67431877587029459606443544485556782143840834421502
31, 2.67569630591468788367829401055352740333228468444972
32, 2.67699012937818268464232694941240239933386225914797
33, 2.67820765125378122486641328801123406922079342495148
34, 2.67935542809577666465234800316016105172227635556575
35, 2.68043928615346966169662222064309417895717247995140
36, 2.68146442030086770591975397002982228669252820194201
37, 2.68243547730853077912402988555305617352125478655550
38, 2.68335662627457065365180769920603379785217703500825
39, 2.68423161846710132789685305302730092774333006257187
40, 2.68506383838997273151870974906239290842722395665831
41, 2.68585634753775013296425496599179535087200275569961
42, 2.68661192203258032104118206750123504095487728235641
43, 2.68733308511828906602495660731201554865801873510154
44, 2.68802213531330666978147570915270938656194364325099
45, 2.68868117088433318170753079502233716855836634131341
46, 2.68931211118977036489467334455884553792728900101036
47, 2.68991671535026943079585041113090559355953015886614
48, 2.69049659862893587934304421737731458083012399661420
49, 2.69105324684241515875622406370842286798289664414970
50, 2.69158802907360539389408735515325948522882827640789

Figure 6: e_A.sage DH 7]
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5o, DINRNETE 5. BMEKERT B L

a[100] = 2.70481382942152609326719471080753083367793838278100
a[1000] = 2.71692393223589245738308812194757718896431501883657
a[10000] = 2.71814592682522486403766467491314653611382264922072
a[10°] = 2.71826823717448966803506482442604644797444693267782
a[106] = 2.71828046931937688381979970845435639275164502668251
a[107] = 2.71828169254496627119855022577781327315350827128440
a[108] = 2.71828181486763621765297724300917669215323842678064
a[10%] = 2.71828182709990432237664402386033286282501316408962
a[10%°] = 2.71828182832313114394979400129722949988517993388397
a[10M] = 2.71828182844545382621811683309299757739213785510263
a[1012] = 2.71828182845768609444605919461415372989472200263316
a[1013] = 2.71828182845890932126886453154968619715311420767644
a[10™] = 2.71828182845903164395114517625107361345759538109318
a[10'°] = 2.71828182845904387621937324183129069678488847857900

E73%. XTETHelIINRLTWS Z Eh 3D 3.

3.4.2 5B
EIE:
1 1 1 1 1 1

=
=S = =1
=27 Fatatatatatata

' + ..
CDEEZRD e_B.sage THEFTEZ T 5. ZDIR, M7 f, RUVS,%Zn > 0DEHET
1
fn = Tl!, Sn = Z E
k=0

CEET S.

# e_B.sage

#HIXAETRZHABELTHATS

# (1] i

R = RealField(500) # 500E v b OFE NS ZES
N =50 # BH0IEEXTHET D

# [2] BFISn|Z5tE T 3

f = dict() # ZOHEEERT 3
fl0] = R('1.0") # #IHA(E

S = dict() # ZDFHEZ1EKRT B
S[0] = R('1.0") # #IHAfE

21 0f41



for n in range(1, N+1):
fln] = n * f[n-1]
S[n] = S[n-1] + 1 / f[n]

# (3] BBISm)EHHT S

print("n, S[n]")

for n in range(1, N+1):
print(f"{n:02}, {S[n]:.50f}")
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e_B.sage DH A

n, S[n]

01, 2.00000000000000000000000000000000000000000000000000
02, 2.50000000000000000000000000000000000000000000000000
03, 2.66666666666666666666666666666666666666666666666667
04, 2.70833333333333333333333333333333333333333333333333
05, 2.71666666666666666666666666666666666666666666666667
06, 2.71805555555555555555555555555555555555555555555556
07, 2.71825396825396825396825396825396825396825396825397
08, 2.71827876984126984126984126984126984126984126984127
09, 2.71828152557319223985890652557319223985890652557319
10, 2.71828180114638447971781305114638447971781305114638
11, 2.71828182619849286515953182619849286515953182619849
12, 2.71828182828616856394634172411950189727967505745284
13, 2.71828182844675900231455787011342566898122453678009
14, 2.71828182845822974791228759482727736695990664244632
15, 2.71828182845899446428546957647486748015848544949074
16, 2.71828182845904225905879345032784186223339662493102
17, 2.71828182845904507051604779584860506117897963525103
18, 2.71828182845904522670811748171086968334262313582437
19, 2.71828182845904523492875272833519940029860437269665
20, 2.71828182845904523533978449066641588614640343454026
21, 2.71828182845904523535935743172980714737725100891377
22,2.71828182845904523536024711086905220470592589865802
23, 2.71828182845904523536028579257075851154630306777733
24, 2.71828182845904523536028740430832960766465211649064
25, 2.71828182845904523536028746877783245150938607843917
26, 2.71828182845904523536028747125742871473418353851411
27,2.71828182845904523536028747134926561337213899999837
28, 2.71828182845904523536028747135254550260920883790852
29, 2.71828182845904523536028747135265860223807331507784
30, 2.71828182845904523536028747135266237222570213098348
31, 2.71828182845904523536028747135266249383820628633528
32, 2.71828182845904523536028747135266249763859704119002
33, 2.71828182845904523536028747135266249775376039739774
34, 2.71828182845904523536028747135266249775714755493326
35, 2.71828182845904523536028747135266249775724433086285
36, 2.71828182845904523536028747135266249775724701908311
37, 2.71828182845904523536028747135266249775724709173772
38, 2.71828182845904523536028747135266249775724709364968
39, 2.71828182845904523536028747135266249775724709369870
40, 2.71828182845904523536028747135266249775724709369993
41, 2.71828182845904523536028747135266249775724709369996
42, 2.71828182845904523536028747135266249775724709369996
43, 2.71828182845904523536028747135266249775724709369996
44, 2.71828182845904523536028747135266249775724709369996
45, 2.71828182845904523536028747135266249775724709369996
46, 2.71828182845904523536028747135266249775724709369996
47, 2.71828182845904523536028747135266249775724709369996
48, 2.71828182845904523536028747135266249775724709369996
49, 2.71828182845904523536028747135266249775724709369996
50, 2.71828182845904523536028747135266249775724709369996

Figure 7: e_B.sage D77
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e_A.sage & DUIRAEL.

343 Fi&C

EIE:

1
Zzo:o (_kl!)

CDEEEMXD e_C.sage THIEFTET 5. TDRE, #Ff,, A, KUS, Zn > 0DEHET

e =

(—1)* 1
fo=nl, A, = , S, =—
Z%k! A,

EEET .

# e_C.sage

#RXAETBeZABELTHATS

# [1] %

R = RealField(500) # 500w ~ DF8I/NERZES
N =50 # BH0IEEXTHET D

# [2] BBSn]|ZETHE TS
f = dict() # ZZOFHFEZERT S
fl0] = R('1.0") # ¥IHAME
A = dict() # ZOFHFEZERT 3
A[0] = R('1.0") # #JHAME
S = dict() # ZDOFHEXIERT B
S[0] = R('1.0") # #IEA(E

for n in range(1, N+1):
fln] = n * f[n-1]
An] = An-1] + (-1) n / f[n]
S[n] =1/ Afn]

# [3] #BSn]Z HF1T B

print("n, S[n]")

for n in range(1, N+1):
print(f"{n:02}, {S[n]:.50f}")

24 of 41



e_C.sage DH A

n, S[n]

01, Infinity

02, 2.00000000000000000000000000000000000000000000000000
03, 3.00000000000000000000000000000000000000000000000000
04, 2.66666666666666666666666666666666666666666666666667
05, 2.72727272727272727272727272727272727272727272727273
06, 2.71698113207547169811320754716981132075471698113208
07, 2.71844660194174757281553398058252427184466019417476
08, 2.71826333176026427560169891458235016517225106182161
09, 2.71828369389344999101096662072271828369389344999101
10, 2.71828165766640373763727929130513925125902554456647
11, 2.71828184277782733849203619854037264965879150700361
12, 2.71828182735187440880759867439315170962246023307424
13, 2.71828182853848616641357788159964516600839590856569
14, 2.71828182845372818369307991637203487643814570178089
15, 2.71828182845937871587428200557313162382403894420537
16, 2.71828182845902555761295618676502426936283306326329
17, 2.71828182845904633162832829121354531998384121603857
18, 2.71828182845904517751636317429140849280931399446911
19, 2.71828182845904523825909818044518073549121912884191
20, 2.71828182845904523522196143013749205888264910411379
21, 2.71828182845904523536658698967595342428154276021909
22,2.71828182845904523536001310060602336221762282096983
23, 2.71828182845904523536029892186993336491605346150003
24, 2.71828182845904523536028701265060378147028551694455
25, 2.71828182845904523536028748901937696480811623472477
26, 2.71828182845904523536028747069750107314127659173322
27,2.71828182845904523536028747137608906912893731925142
28, 2.71828182845904523536028747135185378355794943612577
29, 2.71828182845904523536028747135268948306039729416459
30, 2.71828182845904523536028747135266162641031569889663
31, 2.71828182845904523536028747135266252501193123422785
32, 2.71828182845904523536028747135266249693063074874875
33, 2.71828182845904523536028747135266249778157924830872
34, 2.71828182845904523536028747135266249775655135126284
35, 2.71828182845904523536028747135266249775726643403558
36, 2.71828182845904523536028747135266249775724657062523
37, 2.71828182845904523536028747135266249775724710747416
38, 2.71828182845904523536028747135266249775724709334655
39, 2.71828182845904523536028747135266249775724709370880
40, 2.71828182845904523536028747135266249775724709369974
41, 2.71828182845904523536028747135266249775724709369996
42, 2.71828182845904523536028747135266249775724709369996
43, 2.71828182845904523536028747135266249775724709369996
44, 2.71828182845904523536028747135266249775724709369996
45, 2.71828182845904523536028747135266249775724709369996
46, 2.71828182845904523536028747135266249775724709369996
47, 2.71828182845904523536028747135266249775724709369996
48, 2.71828182845904523536028747135266249775724709369996
49, 2.71828182845904523536028747135266249775724709369996
50, 2.71828182845904523536028747135266249775724709369996

Figure 8: e_C.sage D77

25 of 41



3.4 %D
EIR: #5p, R Vq,Zp, =1,p, =3,¢p=1,¢; =1

by = 2(2n - l)pn—l +pn—2’ n > 2
q, = 2(2n - 1)qn—1 + dn—2, T >2

TEDS. SO Elim, ., 2 = AT 3.
CDEEENXD e_D.sage THEFEE T 3.

# e_D.sage

# FAETHZHABLTHATS

4 1] %45

R = RealField(500) # 500E v k DFENERZFES
N =50 # HE50IBX THETS

# 2] B pn|RUqn)Zzst8T S
p = dict() # ZOHEEERT 3
p[0] = 1 # FJHAE
p[l] = 3 # #EA(E
q = dict() # ZOFHFEXERT 3
q[0] = 1 # {IHA{E
q[l] = 1 # #IHAME

# #bNzfE>

for n in range(2, N+1):
p[n] =2 % (2*n- 1) * p[n-1] + p[n-2]
qn] =27 (2'n- 1) * q[n-1] + q[n-2]

# 3] #Fp[n] / aln] ZHFIT S

print("n, p[n] / q[n]")
for n in range(0, N+1):

print(f'{n:02}, {R(p[n] / q[n]):.50f}")
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e_D.sage DH ]

n, p[n] / q[n]

00, 1.00000000000000000000000000000000000000000000000000
01, 3.00000000000000000000000000000000000000000000000000
02, 2.71428571428571428571428571428571428571428571428571
03, 2.71830985915492957746478873239436619718309859154930
04, 2.71828171828171828171828171828171828171828171828172
05, 2.71828182873569572668472552379899386367405605616673
06, 2.71828182845856341127785060620264237678558448361862
07, 2.71828182845904585140462108494996113472176897308379
08, 2.71828182845904523475756063147977332970377319073588
09, 2.71828182845904523536075323018848069263338394670075
10, 2.71828182845904523536028717990008625935174427034809
11, 2.71828182845904523536028747150335798417095820512307
12, 2.71828182845904523536028747135259703609205685078532
13, 2.71828182845904523536028747135266252198404387265933
14, 2.71828182845904523536028747135266249774951685744001
15, 2.71828182845904523536028747135266249775724924216553
16, 2.71828182845904523536028747135266249775724709317518
17, 2.71828182845904523536028747135266249775724709370007
18, 2.71828182845904523536028747135266249775724709369996
19, 2.71828182845904523536028747135266249775724709369996
20, 2.71828182845904523536028747135266249775724709369996
21, 2.718281828459045235360287471352662497757247093699956
22,2.718281828459045235360287471352662497757247093699956
23, 2.718281828459045235360287471352662497757247093699956
24, 2.718281828459045235360287471352662497757247093699956
25, 2.718281828459045235360287471352662497757247093699956
26, 2.718281828459045235360287471352662497757247093699956
27,2.718281828459045235360287471352662497757247093699956
28, 2.718281828459045235360287471352662497757247093699956
29, 2.71828182845904523536028747135266249775724709369996
30, 2.71828182845904523536028747135266249775724709369996
31, 2.71828182845904523536028747135266249775724709369996
32, 2.71828182845904523536028747135266249775724709369996
33, 2.71828182845904523536028747135266249775724709369996
34, 2.71828182845904523536028747135266249775724709369996
35, 2.71828182845904523536028747135266249775724709369996
36, 2.71828182845904523536028747135266249775724709369996
37, 2.71828182845904523536028747135266249775724709369996
38, 2.71828182845904523536028747135266249775724709369996
39, 2.71828182845904523536028747135266249775724709369996
40, 2.71828182845904523536028747135266249775724709369996
41, 2.71828182845904523536028747135266249775724709369996
42,2.71828182845904523536028747135266249775724709369996
43, 2.71828182845904523536028747135266249775724709369996
44, 2.71828182845904523536028747135266249775724709369996
45, 2.718281828459045235360287471352662497757247093699956
46, 2.718281828459045235360287471352662497757247093699956
47,2.718281828459045235360287471352662497757247093699956
48, 2.718281828459045235360287471352662497757247093699956
49, 2.718281828459045235360287471352662497757247093699956
50, 2.71828182845904523536028747135266249775724709369996

Figure 9: e_D.sage D77
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3.5 AAZEr = 3.14159265358979323846...
753 A,B,C,D,E,F D 6 @D DA ETHER & HKiEHET 3.

3.5.1 5i&A
IR o1 T v Uk

A :ﬁj“”k S, =4A
" e~ 2k + 1" "
EERT B.
# pi_A.sage
# ARZEr =zt 8 L THAT S
# (1] Zfm

R = RealField(500) # 500w k DF8/NERZES
N =50 # F50IBETHET S

# [2] BBSn]|ZEHHE TS
A = dict() # ZOHEEIERT D
A0] = R('1.0") # #IEAE
S = dict() # ZOHEZEERT 3
S[0] = 4 * A[0] # #IEA(E

for n in range(1, N+1):
An] =Apn-1]+ (-1) n/ (2"n + 1)
S[n] =4 * A[n]

# (3] BISmEH TS

print("n, S[n]")

for n in range(0, N+1):
print(f'{n:02}, {S[n]:.50f}")
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pi_A.sage D /]

n, S[n]

00, 4.00000000000000000000000000000000000000000000000000
01, 2.66666666666666666666666666666666666666666666666667
02, 3.46666666666666666666666666666666666666666666666667
03, 2.89523809523809523809523809523809523809523809523810
04, 3.33968253968253968253968253968253968253968253968254
05, 2.97604617604617604617604617604617604617604617604618
06, 3.28373848373848373848373848373848373848373848373848
07, 3.01707181707181707181707181707181707181707181707182
08, 3.25236593471887589534648358177769942475824828766005
09, 3.04183961892940221113595726598822574054772197187058
10, 3.23231580940559268732643345646441621673819816234677
11, 3.05840276592733181776121606516006839065124164060764
12, 3.21840276592733181776121606516006839065124164060764
13, 3.07025461777918366961306791701192024250309349245949
14, 3.20818565226194229030272308942571334595136935452846
15, 3.07915339419742616127046502490958431369330483839942
16, 3.20036551540954737339167714612170552581451695961155
17, 3.08607980112383308767739143183599124010023124532583
18, 3.19418790923194119578549953994409934820833935343394
19, 3.09162380666783863168293543737999678410577525086984
20, 3.18918478227759472924391104713609434508138500696740
21, 3.09616152646364124087181802388028039159301291394414
22, 3.18505041535253012976070691276916928048190180283303
23, 3.09994403237380672550538776383299906771594435602452
24, 3.18157668543503121530130613117993784322614843765717
25, 3.10314531288601160745816887627797705891242294746109
26, 3.17861701099921915462798019703269404004449841915921
27, 3.10588973827194642735525292430542131277177114643193
28, 3.17606517686843765542542836290191254084194658502843
29, 3.10826856669894613000169954934259050694364150028266
30, 3.17384233719074940869022413950652493317314969700397
31, 3.11035027369868591662673207601446144110965763351191
32, 3.17188873523714745508827053755292297957119609505037
33, 3.11218724269983402225244964203053491986970355773694
34, 3.17015825719258764544085543913198419523202239831665
35, 3.11382022902357356093381318561085743466864211662651
36, 3.16861474957151876641326524040537798261384759607856
37, 3.11528141623818543307993190707204464928051426274523
38, 3.16722946818623738113187995902009659733246231469328
39, 3.11659655679383231784074071851376748340841168178189
40, 3.16597927284321503389012343456315019945779439783127
41, 3.11778650175887768449253307311736706692767391590356
42, 3.16484532528828944919841542605854353751590921002121
43, 3.11886831379403657563519703525394583636648392266489
44, 3.16381213401875567675879254087192336445637156311433
45, 3.11985609006271172071483649691587940841241551915828
46, 3.16286684275088376372558918508792241916510369120129
47, 3.12076157959298902688348392193002768232299842804340
48, 3.16199869299505088255358701471353283696217368577536
49, 3.12159465259101047851318297430949243292176964537132
50, 3.16119861298705008247357901391345282896137360576736

Figure 10: pi_A.sage ®H 7]
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#3515, DINRHEYT E 5. EMRRT B &

S[100] = 3.15149340107099057525268787011771653630355189684439
S[1000] = 3.14259165433954305090112773725220456615353825631696
S[10000] = 3.14169264359054321346076832087794022254482575213871
S[105] = 3.14160265348979398846014336452944039404091783147276
S[10°] = 3.14159365358879323921264313327931538413467038375009

£33 AARAPERLTWVWS Zeh9h3

3.5.2 5B
EIF:

:2\/51; 2k+1

_2\/5(1_1+1 L1 1+1_)
N 3.31 '5.32 7.3% 9.3% 11.35 ' 13.36 )

CDEEZ XD pi_B.sage THEFAET S. €D, BFA, RUVS, Zn > 0DEHET

=2v3A
kz:(:)%Jrl -3k’ S \/5”

CERT B.

# pi_B.sage

# ARAZEZFELTHAITS

# (1] %

R = RealField(500) # 500w k DF8/ NI ZED
N =50 # E50BXTHET S

# 2] 83ISn|Z5tE T B
A = dict() # ZDOHEZIERT S

AJ0] = R('1.0") # #IHA(E
S = dic () # ZEDHEEERT D
S[0] = 2 * R(sqrt(3)) * Af0] # #IHAfE

for n in range(1, N+1):
An] = An-1] + (-1) ' n / ((2*n + 1) * 3"n)
S[n] = 2 * R(sqrt(3)) * Aln]

# [3] BFISn|Z ST B

print("n, S[n]")

for n in range(0, N+1):
print(f"{n:02}, {S[n]:.50{}")
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pi_B.sage D77

n, S[n]

00, 3.46410161513775458705489268301174473388561050762076
01, 3.07920143567800407738212682934377309678720934010734
02, 3.15618147156995417931668000007736742420688957361003
03, 3.13785289159568034552273876895032115577363237515701
04, 3.14260474566308467280264945850177759573781016734853
05, 3.14130878546288349263540108862410765756576167856902
06, 3.14167431269883767165693268012806584525531381642991
07, 3.14156871594178424216182355369358903547833208771454
08, 3.14159977381150583907214976735078809717744436086612
09, 3.14159051093808009964275422994425504368823543729460
10, 3.14159330450308151312146082059066977410561590630823
11, 3.14159245428764630032359359735045659528293489399974
12, 3.14159271502037976558160621247745530345522373777434
13, 3.14159263454731388124271343003085076389587532920193
14, 3.14159265952171363845133532803152113824188000772440
15, 3.14159265173399758512821667166572069892968500044320
16, 3.14159265417257533919909221052773901831027131585449
17, 3.14159265340616518791967418402824754650494418815380
18, 3.14159265364782604643120239058214125383094823742879
19, 3.14159265357140338177371056457791845749708370902559
20, 3.14159265359563495837242748501828178316391880339734
21, 3.14159265358793344953097482038219731531632005247298
22, 3.14159265359038652271751159504406125692703669165629
23, 3.14159265358960362701968070951367914790233989191694
24, 3.14159265358985394061014364570366526439322934489483
25, 3.14159265358977377481973394718530369767392487956204
26, 3.14159265358979948837514837878553287945181499108388
27, 3.14159265358979122886946980378667138469891695526171
28, 3.14159265358979388543562373141788414616914731766065
29, 3.14159265358979302993126907675698512128890364163388
30, 3.14159265358979330574961292716678316756176908909606
31, 3.14159265358979321672887761036785363939962733092044
32, 3.14159265358979324548942286656443087157508851433102
33, 3.14159265358979323618874902749588599549844683810372
34, 3.14159265358979323919911205753256477181310863668937
35, 3.14159265358979323822392403371786601328864073010528
36, 3.14159265358979323854008088162126150121209836192021
37, 3.14159265358979323843750554874593763179693210804248
38, 3.14159265358979323847080922825091291407458348917162
39, 3.14159265358979323845998904545815723164682333580899
40, 3.14159265358979323846350671805333294733321449677873
41, 3.14159265358979323846236241491996253379667761308978
42, 3.14159265358979323846273487437121643310464844189834
43, 3.14159265358979323846261357531621037394304874669248
44, 3.14159265358979323846265309972739212355750257996181
45, 3.14159265358979323846264021447979074730956708120368
46, 3.14159265358979323846264441719495822128290805033267
47, 3.14159265358979323846264304578264041398634415514321
48, 3.14159265358979323846264349349456547135120178415695
49, 3.14159265358979323846264334727215223712766242383933
50, 3.14159265358979323846264339504779220474525449206192

Figure 11: pi_B.sage Dt/
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S, PP ARAEIPER LTV S.

3.5.3 A%C
EIE:

k=0

ﬂ:4§2(;211{(%)2k+1+ (%)21&1}.

CDEEZRD pi_C.sage THEFTET 3. €DIEIIIA, KVS, Zn > 0DEHHET

n (_1)k 1 2k+1 1 2k+1
A= o (5) +<§) B =44

k=0
EERT D.
# pi_C.sage
# FARErzHE L THATS
# (1] %

R = RealField(500) # 500w b OFE N = ZES
N =50 # FB50IBEX THET S

# 2] B5ISn)Z5HET 3

A = dict() # ZOHEEERT S
A[0] = R(1/2 + 1/3) # {JHA{E

S = dict() # EOHEHERT S
S[0] = 4 * A[0] # #IHA(E

for n in range(1, N+1):
An] =An-1] + (-1)'n / (2"n + 1) * ((1/2)"(2*n+1) + (1/3) (2*n+1))
S[n] = 4 * Aln]

# 3] BFISn)ZHNT B

print("n, S[n]")

for n in range(0, N+1):
print(f'{n:02}, {S[n]:.50f}")
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pi_C.sage D /]

n, S[n]

00, 3.33333333333333333333333333333333333333333333333333
01, 3.11728395061728395061728395061728395061728395061728
02, 3.14557613168724279835390946502057613168724279835391
03, 3.14085056176105558821608204324253706969756352472402
04, 3.14174119743368905082058564759372563061025185701302
05, 3.14156158787759105927068127952139535739596705912816
06, 3.14159934096619856274973211754528965658705366405751
07, 3.14159118436090672908137907388372946481309717617542
08, 3.14159298133456687617304767293551641171904062269981
09, 3.14159257960635121096510401104147911290382987070616
10, 3.14159267045068592896219887652289026992758121614467
11, 3.14159264971678824735077862446922053902179001684898
12, 3.14159265448534866704397380579026233373660422833254
13, 3.14159265338153952123818597849385885691409247817991
14, 3.14159265363845810331242127336743316294554005386620
15, 3.14159265357837256701741192316104013472004908721780
16, 3.14159265359248353692207180917269226897927541706999
17, 3.14159265358915738258560053834523148983465805552992
18, 3.14159265358994397283803346025822708599099921965575
19, 3.14159265358975740979697666470182412695884929637183
20, 3.14159265358980177539485998261260696108589224219317
21, 3.14159265358979119987478853983499227427228756317851
22, 3.14159265358979372624899021914261234447574204144426
23, 3.14159265358979312153176509481901878092016528695972
24, 3.14159265358979326654048701964491037058757001795071
25, 3.14159265358979323170996072047776219785825372918138
26, 3.14159265358979324008900241965561888057619600781634
27, 3.14159265358979323807041510173843772018050555364854
28, 3.14159265358979323855735502486434323942946643764577
29, 3.14159265358979323843974665360688042118948666360494
30, 3.14159265358979323846818474337750763748860948523585
31, 3.14159265358979323846130092006008388252871284022487
32, 3.14159265358979323846296892340237524796371662661141
33, 3.14159265358979323846256437035293971428622711132910
34, 3.14159265358979323846266257707146202148422152425010
35, 3.14159265358979323846263871698844076608507864832435
36, 3.14159265358979323846264451858396990593924427236846
37, 3.14159265358979323846264310686239114868433166754360
38, 3.14159265358979323846264345062576259930272477690471
39, 3.14159265358979323846264336686063727747610977792138
40, 3.14159265358979323846264338728484993310653410389363
41, 3.14159265358979323846264338230183419483527097460009
42, 3.14159265358979323846264338351827627211913651254256
43, 3.14159265358979323846264338322115679921934194686725
44, 3.14159265358979323846264338329376745692238161074168
45, 3.14159265358979323846264338327601375215433070601367
46, 3.14159265358979323846264338328035672832070874968404
47, 3.14159265358979323846264338327929384204841096533690
48, 3.14159265358979323846264338327955408482126738160476
49, 3.14159265358979323846264338327949033848549194630712
50, 3.14159265358979323846264338327950595949351612475874

Figure 12: pi_C.sage D H /3
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S, PP ARAEIPER LTV S.

3.5.45%D
EIE: A1S5—
=, 9k(k)?
T=2
;(2194-1)!
_ 9 1+1_}_1-24_1 2. 3+1-2-3-4+ 1-2-3-4-5 n 1-2-3-4-5-6
- 3 3-5 3:-5-7v 3-5-7-9 3-5-7-9-11 3-5-7-9-11-13

CDEE%ERD pi_D.sage THIBEE T 5. ZDIE, #5a,, A, TS, Zn > 0DEFET

B 27 (n!)? B B
= (2n+ 1)V Za"’ no
EEERT .
# pi_D.sage
# Fqﬂ ﬁ%n‘l‘% LTH:'TI?'%
# [1] Zfim

R = RealField(500) # 500w b DF8/ NS ZES
N =50 # FE50IBX THET S

# [2] BFIS[n|ZEE T B

a = dict() # ZOFHEEERT 3
[ ] = R('1.0") # ¥IHAfE

= dict() # ZDHEZEZIEXT S

[ | = a[0] # #IHAME

S = dict() # ZZOFHEZIER T S

S[0] = 2 * A[0] # #IHA(E

for n in range(1, N+1):
aln] =n / (2*n + 1) * a[n-1]
Aln] = A[n-1] + a[n]
S[n] = 2 * Aln]

# [3] #BSn]Z= HF1T B

print("n, S[n]")

for n in range(0, N+1):
print(f"{n:02}, {S[n]:.50{}")
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pi_D.sage D H 1]

n, S[n]

00, 2.00000000000000000000000000000000000000000000000000
01, 2.66666666666666666666666666666666666666666666666667
02, 2.93333333333333333333333333333333333333333333333333
03, 3.04761904761904761904761904761904761904761904761905
04, 3.09841269841269841269841269841269841269841269841270
05, 3.12150072150072150072150072150072150072150072150072
06, 3.13215673215673215673215673215673215673215673215673
07, 3.13712953712953712953712953712953712953712953712954
08, 3.13946968064615123438652850417556299909241085711674
09, 3.14057816968033686299940169909210156888175464026857
10, 3.14110602160137763852934131571902469735287072748373
11, 3.14135847252013627030452982801885749792601320397794
12, 3.14147964896114041355662031392277724220112159269516
13, 3.14153799317347574178910832565429415611135896504048
14, 3.14156615934494796921168874511088852834388735168995
15, 3.14157978813759582119035669000924064394027205490744
16, 3.14158639603706144639213508753571439695670100192197
17, 3.14158960558823046434728459490571593413610934761475
18, 3.14159116699150187848762759849112208735852421849232
19, 3.14159192767514692640215367716093534149252120686857
20, 3.14159229874033963270192249602425888009447095729601
21, 3.14159247995822444275529796570169595708612083541173
22, 3.14159256855363479433694819532177630583759410915720
23, 3.14159261190883560468541532896564541267342145588370
24, 3.14159263314403600159078698626060170989913280938240
25, 3.14159264355344796085812603395420773795095210031313
26, 3.14159264865995194087606594414352390265561816756217
27, 3.14159265116678116743032735460009729260154514602988
28, 3.14159265239820605064996453868402808064515839861051
29, 3.14159265300348268816470145967443473917506999733658
30, 3.14159265330115972300801469950578227615699373441498
31, 3.14159265344763572428012121434342947689413081139006
32, 3.14159265351974698644485057549427117571856752620857
33, 3.14159265355526447377971727576259619155746919171619
34, 3.14159265357276584435052115705423460515924682399530
35, 3.14159265358139328054739630980363382313195410751318
36, 3.14159265358564790661708816595402247857054948020693
37, 3.14159265358774685547813614832154754858692319740251
38, 3.14159265358878270037060138637305342729630243446007
39, 3.14159265358929406683650194693012594969713522237456
40, 3.14159265358954659348632938424226052866050943862863
41, 3.14159265358967133556636462436030291104000754545293
42, 3.14159265358973297282944086065392385292164190411905
43, 3.14159265358976343722383486250019627247233474805748
44, 3.14159265358977849827274875105340960348616042371244
45, 3.14159265358978594604418968495335026167981048310225
46, 3.14159265358978962988812821139848220014118578129506
47, 3.14159265358979145242144516658712642232733987619045
48, 3.14159265358979235429360201039181634670811716026240
49, 3.14159265358979280067477054924464267291678470490407
50, 3.14159265358979302165554705362722996311909537056826

Figure 13: pi_D.sage ®H /7
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S, PP ARAEIPER LTV S.

3.5.5 5%E
EIEBBP AHD 175

W:OO(

k=0

CDEEZRD pi_E.sage THUESHAE T 2. TDIRE, H3S, Zn > 0DEHET
n_ \k
¢ v (D ( 2 2 1 )

L) 2 1
(5 s o)
45 \dk+1 4k+2  4k+3

"l g \ak+1 kv 2 2h+3
EERT B.
# pi_E.sage
# FEZErZHELTHNT S
# (1] %

R = RealField(500) # 500w b DF8/ NI ZES
N =50 # F50IBX THET S

# 2] BFISn]|ZFTET S
S = dict() # ZEOFHEXER T S
S[0] = R(10/3) # #IHAME

for n in range(1, N+1):
Sn] =Sn-1] + (-1) n /4 n*(2/ (4*n+1) + 2/ (4*n+2) + 1 / (4*n+3))

# [3] BSn]Z HFIT B

print("n, S[n]")

for n in range(0, N+1):
print(f"{n:02}, {S[n]:.50{}")
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pi_E.sage D 7]

n, S[n]

00, 3.33333333333333333333333333333333333333333333333333
01, 3.11428571428571428571428571428571428571428571428571
02, 3.14635642135642135642135642135642135642135642135642
03, 3.14067876567876567876567876567876567876567876567877
04, 3.14177794438533602620289926791474779090878162085592
05, 3.14155370078473372994842910040110201639344188812489
06, 3.14160105432818102339572254769454930984073533541833
07, 3.14159080712063560255775443497671467876917434172163
08, 3.14159306543695929112409006013586924968845114335138
09, 3.14159256065081639848448689421691385704884797743242
10, 3.14159267476304992034083294937181756555437157087434
11, 3.14159264872790772304409124929986772487187593925752
12, 3.14159265471365468296087046098454159441969506690858
13, 3.14159265332852165082581610452688324996889778592262
14, 3.14159265365083239080983725620154770186427034941786
15, 3.14159265357547166272195889428146678389863530287324
16, 3.14159265359316624081045045109122263749777248409997
17, 3.14159265358899615999710059175916598599455025215759
18, 3.14159265358998216314864724563006787032751335224398
19, 3.14159265358974833832009801241987336414803881833907
20, 3.14159265358980393554449650554615942404509089294281
21, 3.14159265358979068432524618249153024224099144642804
22, 3.14159265358979384954548561188021681668137749803249
23, 3.14159265358979309198915145803958227836270841788101
24, 3.14159265358979327363133743432346329011613187392824
25, 3.14159265358979323000529137033878399369923664129848
26, 3.14159265358979324049941648777038012123258253760025
27, 3.14159265358979323797146913387631345899920982687102
28, 3.14159265358979323858124007410721105059360706922611
29, 3.14159265358979323843397408657442647448565502105518
30, 3.14159265358979323846958141055924334685997384747584
31, 3.14159265358979323846096264695256542714780501583176
32, 3.14159265358979323846305093304717055328729398685945
33, 3.14159265358979323846254447003156501438473868641809
34, 3.14159265358979323846266741021760984056855030263124
35, 3.14159265358979323846263754221704165642347619958527
36, 3.14159265358979323846264480435029584168350167586014
37, 3.14159265358979323846264303729828904318829827110895
38, 3.14159265358979323846264346757145601634554443437171
39, 3.14159265358979323846264336272998762091556204044979
40, 3.14159265358979323846264338829235719277006149417965
41, 3.14159265358979323846264338205594707663787627084419
42,3.14159265358979323846264338357832019021016311554848
43, 3.14159265358979323846264338320648657867498851222919
44, 3.14159265358979323846264338329735360412295174236683
45, 3.14159265358979323846264338327513668347458927727031
46, 3.14159265358979323846264338328057133533811498562796
47,3.14159265358979323846264338327924130684169581851440
48, 3.14159265358979323846264338327956695086726051125256
49, 3.14159265358979323846264338327948718623814722392560
50, 3.14159265358979323846264338327950673211871175179968

Figure 14: pi_E.sage D77
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#3518, HHEEIERL TV S.

3.5.6 HiEF
EE: 7ILEXTR
B Fa, RO, Zay, = 3,b, = 2v/3,

b _ 2an—lbn—l
n (O + bn—l
an = an—lbn

TEDHS. CDL Elim a, =lim, , b, = 7HKILT B.

n—,oo 'n

CDEEERD pi_F.sage THIETEEZ T 3.

# pi_F .sage

# FARAErZHELTHNTS

4 [1] #Ef5

R = RealField(500) # 500w ~ DF8/NERZES
N =50 # FE50IBX THHET S

# 2] #Han) kU] Z5TET S
a=dict() # ZOHEZEMT S
a[0] = R('3.0") # ¥IHAfE

b = dict() # ZDOEFHFZZERT B
b[0] = 2 * R(sqrt(3)) # #IHHE

for n in range(1, N+1):
bfu] = (2 * aln-1] * bl-1]) / (aln-1] + bfu-1]
a[n] = sqrt(a[n-1] * b[n])

# (3] #Fan|RUDbn|ZHIT S

print("n, a[n]")

for n in range(0, N+1):
print(f'{n:02}, {a[n]:.50f}")

print("n, b[n]")

for n in range(0, N+1):
print(f"{n:02}, {b[n]:.50{}")
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pi_F.sage D H73(1/2)

n, a[n]

00, 3.00000000000000000000000000000000000000000000000000
01, 3.10582854123024914818678605148857994018882681583917
02, 3.13262861328123819716174946949173624464977691548157
03, 3.13935020304686720713514682120842118915035058936259
04, 3.14103195089050963811135292645966010703641221616283
05, 3.14145247228546207545060930896122564524766230454968
06, 3.14155760791185764551646334512985954150437647958850
07, 3.14158389214831840866896960372115335052004491578109
08, 3.14159046322805009573845850593095172355428230867580
09, 3.14159210599927155054477664061011735312749725496628
10, 3.14159251669215744759287408476883190596771889236819
11, 3.14159261936538395518954931206531904222219272559484
12, 3.14159264503369089667214150891923841272262301124210
13, 3.14159265145076765170425364049221902044842747238542
14, 3.14159265305503684169112318041547420225727680588685
15, 3.14159265345610413926464315961507833135434148742941
16, 3.14159265355637096366282331655411336427491350418412
17, 3.14159265358143766976266836592257517887034950737165
18, 3.14159265358770434628764837889804718575024086724766
19, 3.14159265358927101541889455405649997380040637883158
20, 3.14159265358966268270170617109077471998597937915933
21, 3.14159265358976059952240907992713475335611514596288
22, 3.14159265358978507872758480742233672087513968308886
23, 3.14159265358979119852887873931401921020342658408646
24, 3.14159265358979272847920222228805745737603148388846
25, 3.14159265358979311096678309303163687072171603227401
26, 3.14159265358979320658867831071753608978017050208549
27, 3.14159265358979323049415211513901116740241120283305
28, 3.14159265358979323647052056624437995386157307072586
29, 3.14159265358979323796461267902072215154221364349319
30, 3.14159265358979323833813570721480770102898941829715
31, 3.14159265358979323843151646426332908840484683897390
32, 3.14159265358979323845486165352545943524907141145407
33, 3.14159265358979323846069795084099202196014381815605
34, 3.14159265358979323846215702516987516863791293630542
35, 3.14159265358979323846252179375209595530735527937238
36, 3.14159265358979323846261298589765115197471586910972
37, 3.14159265358979323846263578393403995114155601679221
38, 3.14159265358979323846264148344313715093326605372835
39, 3.14159265358979323846264290832041145088119356296335
40, 3.14159265358979323846264326453973002586817544027216
41, 3.14159265358979323846264335359455966961492090959937
42, 3.14159265358979323846264337585826708055160727693117
43, 3.14159265358979323846264338142419393328577886876412
44, 3.14159265358979323846264338281567564646932176672236
45, 3.14159265358979323846264338316354607476520749121192
46, 3.14159265358979323846264338325051368183917892233431
47, 3.14159265358979323846264338327225558360767178011491
48, 3.14159265358979323846264338327769105904979499456006
49, 3.14159265358979323846264338327904992791032579817134
50, 3.14159265358979323846264338327938964512545849907417

Figure 15: pi_F.sage ®H73(1/2)
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pi_F.sage D H73(2/2)

n, b[n]

00, 3.46410161513775458705489268301174473388561050762076
01, 3.21539030917347247767064390192953159668633695427543
02, 3.15965994209750048331663497783321048622753845335770
03, 3.14608621513143497109809879423725415626535958734305
04, 3.14271459964536829816885909377212387100096909151116
05, 3.14187304997982387174548709369022941688388102348584
06, 3.14166274705684852622449081389391588401790798952860
07, 3.14161017660468953876347036065980109684907227290423
08, 3.14159703432152615199321889481425684240758108661303
09, 3.14159374877135202797598113563168807582863851727834
10, 3.14159292738509703354800829905295050548454231704178
11, 3.14159272203861381834280467149982302950668046145178
12, 3.14159267070199804787701825050084226574379561970852
13, 3.14159265786784441984400852933675983498500447303091
14, 3.14159265465930603249722039224985939931722053924073
15, 3.14159265385717143688936486830259148489199468185454
16, 3.14159265365663778806420358158604057682444082197640
17, 3.14159265360650437586271342204684115884261758814853
18, 3.14159265359397102281264089229575692803102833233243
19, 3.14159265359083768455014151049134261992351608606232
20, 3.14159265359005434998451783695482383229502370716927
21, 3.14159265358985851634311199181535568460887275067554
22, 3.14159265358980955793276053510827999451182659883305
23, 3.14159265358979731833017267121762303116406736052502
24, 3.14159265358979425842952570526284078777565850054266
25, 3.14159265358979349345436396377526285176908946295715
26, 3.14159265358979330221057352840343821931998052704047
27, 3.14159265358979325439962591956048642692973662577709
28, 3.14159265358979324244688901734974875168980273375596
29, 3.14159265358979323945870479179706434993342095345659
30, 3.14159265358979323871165873540889325056017561417587
31, 3.14159265358979323852489722131185047578347991096782
32, 3.14159265358979323847820684278758978209346946214157
33, 3.14159265358979323846653424815652460867122706724599
34, 3.14159265358979323846361609949875831531568273210403
35, 3.14159265358979323846288656233431674197679766479241
36, 3.14159265358979323846270417804320634864207646149412
37, 3.14159265358979323846265858197042875030839616464015
38, 3.14159265358979323846264718295223435072497609067482
39, 3.14159265358979323846264433319768575082912107219900
40, 3.14159265358979323846264362075904860085515731758102
41, 3.14159265358979323846264344264938931336166637892658
42, 3.14159265358979323846264339812197449148829364426297
43, 3.14159265358979323846264338699012078601995046059707
44, 3.14159265358979323846264338420715735965286466468060
45, 3.14159265358979323846264338351141650306109321570148
46, 3.14159265358979323846264338333748128891315035345670
47, 3.14159265358979323846264338329399748537616463789550
48, 3.14159265358979323846264338328312653449191820900521
49, 3.14159265358979323846264338328040879677085660178263
50, 3.14159265358979323846264338327972936234059119997699

Figure 16: pi_F.sage ®H731(2/2)
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#B5a, XU, BFHARAINR L TWS.

4 5H DI

BERRZ L THEROEMERRERI-TLLSD? DB T IO S LEEES
B 7-72 5. SageMath/Python OBERIFHRID TEFEZF >TTFIL. SEIIEIE C
CICHMDAZ ), DEDHZBOERFISEFHALEFLEATLE. BEAH>THFRL 7
WAIFBRIZZD LT DFRATVLEZEL LS. ANDBHELVABTEBDTY CICIFEBR TS
FHAD., MIEBELRERDEATL OO DD EIDD LNEFEA. FELTR=EHDZHED X
L7z, #ostER % 14 BHBNLE L. BEOHFIILCEL 14 BTIFRHDD £
BA RFERELRILTTSMICEHRLUOHBXAHD £9. B THRL TEBZEEIC
Lantsd—7a > LsE LD LNEEA.BAENSIELET.

SE W

=#AE. (2021). Python €OM 5 IXL®H B TOT 5 X T, Akt
FZERA. (2018). X 7w 7 30 Python[BRER| 7 — 2 T v 0. Ay b X T L.
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